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Abstract— Two problems in the self-consistent,
electrothermal co-simulation of nanoscale devices,
are discussed. It is shown that the construction of
dynamic compact thermal models for nanoscale de-
vices, based on solution of the hyperbolic (wavelike)
heat transport equation, can follow essentially the
same approach as the authors’ analytical thermal
impedance matrix method for the parabolic (dif-
fusive) equation. The analytical impedance ma-
trix method for the time-independent case is em-
ployed in a thermally self-consistent device Monte
Carlo simulation, illustrating the potential for de-
tailed study of nanoscale electrothermal eﬀects.
I. Introduction
It is recognised that with continuing progress
in miniaturisation of device features, and devel-
opment of structures characterised by nanometer
length scales, that there is a growing demand
for greater understanding of thermal transport in
nanoscale devices. A number of problems arise
in these small structures, for instance: inability
of simple models to predict the thermal conduc-
tance of solid-solid interfaces; fundamental issues
concerning the correct deﬁnitions of temperature
in non-equilibrium nanosystems; lack of adequate
models for phonon scattering rates in predictive
simulations; lack of agreement between thermal
models and experiment for semiconductor superlat-
tices; and the modiﬁcation of thermal transport by
nearby interfaces and small heating volumes, with
implications for thermal management [1]. Si mi-
croelectronics is increasingly characterised by deep
sub-micron feature lengths, but microelectronic de-
vices are still too large to be treated atomistically,
so microscopic calculations of electronic and ther-
mal transport must be based on solutions of the
Boltzmann transport equation [1]. These solutions
must capture both lattice self-heating eﬀects, and
local transport or hot carrier eﬀects. For char-
acteristic lengths shorter than ∼0.1 µm, and at
high frequencies corresponding to gate switching
on nanosecond or picosecond timescales, the model
must also treat short-time transient thermal eﬀects
[2].
Two such models are discussed in this paper:
an approximate macroscopic model which goes be-
yond Fourier’s law and assumes that temperature
waves are transmitted at acoustic speed and are at-
tenuated due to relaxation [2]; and a detailed mi-
croscopic Monte Carlo model, with phonon trans-
port described by the corresponding steady-state
heat equation. It is ﬁrst shown how compact dy-
namic thermal models, based on the hyperbolic
heat transport equation, can be constructed in di-
rect parallel with the authors’ analytical thermal
impedance matrix approach based on the parabolic
heat equation. It is then shown how thermally self-
consistent Monte Carlo simulation can be used to
provide a detailed microscopic description of device
physics at the phonon level.
II. Compact hyperbolic solutions
The authors have presented previously, a de-
tailed description of compact dynamic model con-
struction based on solution of the classical heat dif-
fusion equation [3]-[11]. This approach solved the
equation,
∇. [κ(T )∇T ] + g = ρC
∂T
∂t
, (1)
where T is temperature, t is time, κ(T ) is tempera-
ture dependent thermal conductivity, g(x, y, z, t) is
rate of heat generation, ρ is density and C is spe-
ciﬁc heat. This equation is non linear through the
temperature dependence of κ(T ) (and possibly of
ρ and C). Transforming this equation to a linear
form, and solving in Laplace transform s-space, the
solution was expressed in the compact form,
∆θi =
∑
j
RTHij(s)Pj (2)
where ∆θi is the Laplace transformed tempera-
ture rise of element i above its initial tempera-
ture, RTHij(s) is the thermal impedance matrix
in Laplace s-space and the Pj are the transformed
time-dependent ﬂuxes due to power dissipation in
elements, j = 1, ..., i, ...M . As a simple illustra-
tion, for a heatsink mounted semiconductor die,
with surface heating by active devices, RTHij(s)
takes the simple form,
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1
κSLW
×
∑
mn
4 tanh(γmnD)
γmn(1 + δm0)(1 + δn0)
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j
mn
Ii00
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where κS is thermal conductivity, L,W,D are die
x, y, z-dimension respectively, δmn is the Kronecker
delta function, the Iimn are double integrals over
power dissipating regions, Di, and
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L
)2
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(nπ
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+
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kS
, (4)
where kS is thermal diﬀusivity. Similar expressions
hold for other thermal subsystems [5]. Performing
the Laplace transformation, the time-domain step
response, is
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with l, m, n = 0, 1, 2, .... It is shown in [5] how the
steady-state part of this expression can be summed
explicitly on l, and how the series can be acceler-
ated.
The hyperbolic heat transport equation can be
written [12],
∇. [κ(T )∇T ] + g +
α
σ2
∂g
∂t
= ρC
∂T
∂t
+
κ
σ2
∂2T
∂t2
(5)
where σ is the propagation speed for heat transfer
and α/σ2 is the relaxation time for the heat ﬂux to
begin after a temperature gradient is imposed on
the body. Solving this equation for the same illus-
trative system described above, the s-space thermal
impedance matrix is obtained in identical form to
Eq. 3, but now,
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with the additional term, τs2. Performing the in-
verse Laplace transformation analytically [13], the
time-domain step response takes the form,
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Comparing the above equation with the
parabolic transient solution, it is apparent that the
hyperbolic solution shows wavelike behaviour. The
Laplace inverse can also be constructed numeri-
cally, so the whole of the authors’ analytical ther-
mal impedance matrix approach for the parabolic
heat transport equation carries over almost triv-
ially to the hyperbolic case.
III. Monte Carlo transport modelling
The term Monte Carlo is applied to a large range
of mathematical techniques, typically those involv-
ing the use of distributions of stochastic variables.
Such methods include Monte Carlo integration, ap-
plications in statistical physics and Monte Carlo
transport models. The electronic modelling of
charge carrier transport in semiconductor devices
falls into the last of these categories.
In the standard Monte Carlo model in semicon-
ductor physics, an ensemble of charge carriers are
followed in time as they drift in local electric ﬁelds
and scatter near-instantaneously oﬀ a range of scat-
tering centres. Drift durations and scattering dy-
namics are determined stochastically, resulting in
an intrinsic ability to simulate the physics of noise.
Furthermore the use of a particle-based model re-
quires no initial assumption on the form of the
carrier distribution function. Through inclusion
of multiple bands it is possible to extract a wide
range of statistics including carrier velocities and
energies, relative occupations of bands and distri-
bution functions; transient parameters may also be
extracted straightforwardly. Monte Carlo has been
applied to both bulk systems and modelling of com-
plex devices, where electronic self-consistency, het-
erostructures and other eﬀects may be included.
At high temperatures, scattering arises primar-
ily due to interaction with the lattice, which the
Monte Carlo method is able to treat very accu-
rately. Carrier-phonon scattering is split into a
set of diﬀerent processes, each causing diﬀering
electronic transitions and involving phonons from
separate regions of the Brillouin zone (BZ). Each
carrier-phonon scattering event results in a step
increase or decrease in the related phonon popu-
lation; through accumulation of these statistics a
dynamic estimate of the microscopic heating rate
may be determined, including the relative contri-
butions of each type of scattering process. Since
the state of each scattering carrier before and af-
ter an event is known, it is possible to localise the
resultant step change in thermal energy not only
by phonon branch but also in real- and reciprocal-
space.
A. Thermal ﬂux in a 0.2µm MESFET
The authors have developed a Monte Carlo de-
vice simulator including electronic self-consistency
through a two-dimensional Poisson equation solver
and a standard 3-band spherical, non-parabolic
model for the electronic bandstructure. This code
has been applied to a 0.2µm gate MESFET with
0.2µm gate-source and gate-drain distances and a
5.1023m−3 n-doped 0.1µm-deep supply layer [14].
For the GaAs system, the main areas of the BZ
which are perturbed through electron-phonon in-
teraction are at the Γ, L and X points. The varia-
tion of power losses due to each set of phonons was
examined by looking at the change with bias of to-
tal net phonon emission associated with Γ, L and
X phonons. It was observed that at onset of sat-
uration in the current-voltage characteristics the Γ
phonons dominate, with X phonons becoming the
primary power loss mechanism at around 4V (gate
bias is 0V, as with subsequent plots). Currently
the sum of these powers are combined for use in
the thermal solution; it is intended to investigate
the eﬀects of coupling between these phonons and
the acoustic (thermally dissipating) phonons at a
later stage.
The authors have also examined the spatial dis-
tribution of power emission, which results naturally
from use of the Monte Carlo method. At high
source-drain biases the great majority of power
losses are located just within the drain contact edge
(Fig. 1; bottom). For lower biases the heating in
the channel is visible, as seen in the top of Fig. 1.
Moglestue et al. [15] have examined thermal losses
in this way, with a view to examining device degra-
dation, but the authors know of no further work on
this topic.
B. Thermally self-consistent Monte Carlo
In addition to the extraction of thermal power
the authors have also considered the use of this data
in construction of thermally self-consistent Monte
Carlo results. Due to the diverse electronic and
thermal timescales initially focus has been placed
on calculation of steady-state characteristics using
a leapfrog algorithm, alternating between solution
of the electronic (Monte Carlo) and thermal prob-
lems. The authors are aware of only a few attempts
at electrothermal Monte Carlo modelling [16]-[18],
each involving application to diﬀerent devices and
with a range of approximations to the electronic
and thermal systems; the authors’ system is de-
scribed brieﬂy below.
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Fig. 1. Spatial distribution of net phonon emission at Vds
of 1V (upper) and 5V (lower).
Initially results are dgenerate for the 0.2µm
MESFET as above; for the thermal domain we
choose a GaAs die of 500 × 500 × 125µm with
the device centred at the top. The thermal so-
lution is currently two-dimensional, with thermal
power assumed to be generated uniformly over
the full 500µm width and dissipated through a
heatsink over the base of the die held at an am-
bient 300K. This thermal description utilises the
authors’ fully analytical thermal impedance matrix
approach [5], applied to the time-independent heat
diﬀusion equation, and is readily generalised to
the 3-dimensional case, or to treat detailed device
structure, such as surface metallisation. This ana-
lytical impedance matrix method avoids the need
for temperature solution in areas where this is not
required for use in subsequent Monte Carlo iter-
ations, i.e., far from the device active region, yet
still includes the large-scale thermal boundary con-
ditions. Thermal nonlinearity is included through
application of the Kirchhoﬀ transformation [5].
In the initial Monte Carlo iteration the tem-
perature proﬁle is assumed to be at the ambi-
ent 300K; in subsequent iterations the non-uniform
temperature proﬁles generated are integrated into
the Monte Carlo model through a stochastic re-
jection technique [19]. This involves calculation
of the electron-phonon scattering rates using the
maximal phonon occupation number, with an as-
sociated probability that a given scattering event
may be rejected depending upon the ratio of the
local and maximal occupations:
Preal =
Nreal + β
Nmax + β
, (8)
where β is unity for emission processes and zero for
absorption processes.
Results when including thermal self-consistency
show the characteristic ’thermal droop’ in the
source-drain currents, which can be seen in Fig.
2 for a 0V (applied) gate bias. The peak temper-
ature in the device along the same biases (Fig. 3)
shows a strongly linear rise after current saturation
is achieved, which is similar to a result obtained by
Yoder and Fichtner [17].
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Fig. 2. MESFET I-V characteristics, with and without
thermal consistency, at an applied gate of 0V.
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Fig. 3. Variation of peak temperature within the MESFET
over the same biases as in ﬁgure 2.
IV. Conclusion
It has been demonstrated that the authors’ ana-
lytical thermal impedance matrix approach can be
applied straightforwardly to wavelike thermal so-
lutions based on the hyperbolic heat conduction
equation. Dynamic compact thermal models can
therefore readily be constructed for very smal de-
vices and high frequency operation. The thermal
impedance matrix approach has been applied to the
steady-state, self-consistent electrothermal Monte
Carlo simulation of a nanoscale device. These sim-
ulations illustrate the potential of Monte Carlo
simulation for detailed microscopic study of ther-
mal physics. Future work will couple the time-
dependent thermal impedance matrix solution to
the Monte Carlo simulation, for self-consistent
treatment of the transient electrothermal problem.
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